Unit F4 
Power series 


Introduction 


The evaluation of functions is of great importance. If you are dealing with 
a polynomial function, then the calculation of its values is just a matter of 
arithmetic. For example, if 


MWET $x lx? za” | qr", 


then 
f 1 1 1 1 13 


On the other hand, the sine function is different. There is no way of 
calculating most of its values exactly just by the use of arithmetic, but it is 
important to be able to estimate them accurately because they arise in the 
solutions of many practical problems. 


This unit is concerned with a procedure for calculating approximate values 
of functions, like the sine function, which cannot be found exactly. In 
studying this procedure, you will use many of the ideas and results you met 
in earlier analysis units, especially those relating to sequences and series. 


You will see that a certain sequence of polynomials, known as Taylor 
polynomials, can be used to calculate approximate values of functions to 
any desired degree of accuracy, and that many functions can be 
represented as a sum of a convergent series of powers of x, known as a 
Taylor series. For example, the polynomial p(x) = z — «3/6 approximates 
f(x) = sing to within 5 x 1076 for all x in the interval [0,0.1], and we can 
represent the sine function by the following convergent series: 


z3 19 x’ 


sing=e-—ate oat frx ER. 
As an application of these ideas, we show later in the unit how a method 
based on Taylor series can be used to estimate 7 to any desired number of 


decimal places. 


1 Taylor polynomials 


In this section you will meet the definition of the Taylor polynomial Ta (zx) 
at a point a of a function f, and study several particular functions for 
which Taylor polynomials appear to provide good approximations. 


1.1 What are Taylor polynomials? 


Let f be a function defined on an open interval J. Throughout this unit, 
we assume that a is a particular point of J and seek polynomial functions 
which provide good approximations to f near the point a. 


If f is continuous at a, then the value f(a) is an approximation to the 
value of f(a) when z is near a, by the definition of continuity; that is, 


f(x)» f(a), for x near a. 
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Figure 1 Approximating f(x) 
by f(a) 


n y= fla) + f'(a)(x— a) 


Figure 2 The tangent 
approximation at a to f 
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In geometric terms, this means that we can approximate the graph 

y = f(x) near a by the horizontal line y = f(a) through the point (a, f(a)), 
as shown in Figure 1. Usually this does not give a very good 
approximation. 


However, if the function f is differentiable on J, then we can obtain what 
is usually a better approximation by using the tangent at (a, f(a)) instead 
of the horizontal line, as shown in Figure 2. We can think of the tangent 
at (a, f(a)) as the line of best approximation to the graph near a. The 
tangent to the graph at (a, f(a)) has equation 


y- f(a) _ 


TtT—a 


f'(a), thatis, y= f(a) + f'(a)(x-— a). 
So, for x near a, we can write 
f(x) = f(a) + f'(a) (z — a). 
This approximation is called the tangent approximation at a to f. 
Note that the function f and the approximating linear function 
z f(a) + f'(a)(z — a) 


have the same value at a and the same first derivative at a (that is, their 
graphs have the same gradient at a), so this gives a better approximation 
to f near a than the constant function f(a) when the gradient of the graph 
is non-zero. 


Worked Exercise F40 


Determine the tangent approximation to the function f(x) = e” at the 
point 0. 


Exercise F55 


Determine the tangent approzimation to each of the following functions f 
at the given point a. 


AA (b) f(r)<cosr, a=0. 


So far we have seen two approximations to f(x) for x near a: 
f(x) = f(a) (a constant function), 
f(x) = f(a) + f'(a)(x—a) (a linear function). 


If the function f is twice differentiable on J, then we can consider the 
quadratic function 


p(x) = f(a) + f'(a)(z - a) + 5 f"(a)(@ — a)’, 
which is chosen to satisfy p(a) = f(a), p'(a) = f'(a) and p’(a) = f" (a), as 
you can check by differentiating p to give 

p(x) = f'(a) + f"(a)(a@—a), and p(x) = f"(a). 


It is plausible that, for x near a, 
f(x) © f(a) + Fe- a) + 5f"(a)(@ — a)? 


will usually be a better approximation to f near a than the constant or 
linear approximations. More generally, if the function f is n-times 
differentiable on J, then we can find a polynomial of degree n whose value 
at a and first n derivatives at a are equal to those of f, and this 
polynomial will usually provide an even better approximation. 


Definition 
Let f be n-times differentiable on an open interval containing the 


point a. Then the Taylor polynomial of degree n at a for f is 
the polynomial 


Mag (n) 
Talg) = fla) + Faye —a) + FO @ — a)? +--+ 1 ea 
that is, 
n 2h) (q 
Le = f a Lee : 
k=0 
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Remarks 


1. Of course, the Taylor polynomial depends on the point a and the 
function f as well as on n and x, but for brevity our notation Tn (2) 
does not reflect this. Usually a and f will be clear from the context. 


2. The coefficients in the definition of T, have been chosen so that 


Lea=fe, Meera, an a= a 


Thus the functions f and Th have the same value at a and have equal 
derivatives at a for all orders up to and including n, in the same way as 
for the linear and quadratic functions above. Indeed, To(x), Ti (£) 

and T(z) are respectively the constant, linear and quadratic 
approximations at a to f discussed previously. 


3. It follows from the definition that Taylor polynomials for successive 
values of n satisfy the recurrence relation 


f(a) 


TAG) = Tr 12) + Fx 


(zx-a), n>1. 


4. A Taylor polynomial has degree n if it is based on derivatives of f up to 
order n. This use of the word ‘degree’ differs from the usual definition 
of the degree of a polynomial, which is the largest exponent in the 
polynomial. 


5. Some texts refer to a Taylor polynomial about a instead of at a. 


Worked Exercise F41 


Determine the Taylor polynomials Tı (x), T(x) and T3(x) at the following 
points a for the function f(x) = sin z. 


(a) a=0 (b) a=7r/2 
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(a) Hence, at a=0, 
Ti(z) = f(0) + f'(0)z = x 
To(x) = T + £0) 2 = 


®. Note that Tə(x), the Taylor polynomial of degree 2 at 0, is a 
polynomial of degree 1 because f”(0) = 0. .® 


(b) At a=7/2 we have 
Ti(0) = f(n/2) + f(t/2\(a — 7/2) =1 


mo =Ty(2) + EP e ra 
=i o 7/2)? 
ir 

Tala) = Tola) + ay 


®@. We do not usually multiply out brackets in such Taylor 
polynomials, since that would make the results less clear. © 


Exercise F56 


Determine the Taylor polynomials Tı (x), Tə(x) and T3(a) for each of the 
following functions f at the given point a. 


(aj J(=; 2=—2. (b) Jr) =cose, c=. 


Exercise F57 


Determine the Taylor polynomial of degree 4 for each of the following 
functions f at the given point a. 


(a) f(x) =log(l+z), a=0. (b) f(x)=singz, a= 7/4. 


(c) f(x) =14+ $2 — $2? - $r? + irt, a=0. 


Exercise F58 


Let Tz be the Taylor polynomial of degree 3 at 0 for f(x) = sin x, as 
calculated in Worked Exercise F41(a). Use a calculator to show that 


| sin(0.1) — 73(0.1)| < 1 x 1077. 


(Remember to set the calculator to use angles in radians.) 
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1.2 Approximation by Taylor polynomials 


We now look at two specific functions in order to investigate the assertion 
that Taylor polynomials provide good approximations for a large class of 
functions. 


The function f(x) = sin x 


In Worked Exercise F41(a) we found the Taylor polynomials Tı (x), T(x) 
and 73(a) for the function f(x) = sinz at the point a = 0. By calculating 
higher derivatives of f at 0, we can show that the Taylor polynomials of 
degrees 1,2,...,8 at 0 for f are as follows. 


ZL 
T(x) = T(z) = 2, T(x) = Ty(z) = x ar 
z’ gř LB x rx 
Tasman P AR E 


The graphs in Figure 3 illustrate how the approximation to f(x) given by 
Ta (x) improves as n increases. 


yA ye Ta) YA 


Figure 3 The graphs of Taylor polynomials at 0 for f(x) = sin z 


For example, the graph of Ts appears to be very close to the graph of the 
sine function over the interval (—7/2,7/2), so T(x) seems to be a good 
approximation to sin x in this interval. 


It also appears that, as the degree of the Taylor polynomial increases, the 
interval over which its graph is a good approximation to that of the sine 
function becomes longer. For instance, in the graphs in Figure 3, the 
shaded area covers the interval of the z-axis on which the Taylor 
polynomial Ta (r) agrees with sin x to three decimal places. 


Worked Exercise F42 


Determine the Taylor polynomial of degree n at 0 for the function 
f(z) = sinz. 


Solution 
We have 


f%@)=sinze, a 
and in general, for k = 0, 1,2,..., 
fono =o and 701000) i 


Hece, tor m = 0 l 2y 


3 A g2kt+l 
Tomy (2) = > (- | 
R (2k +1) 
23 x’ emt 
Ey yay ed ope meee leg E eee 
aa a.) a 


and OT) = Torpa): 
So if n takes either of the values 2m + 1 or 2m + 2, then we have 


23 7? g2mrl 
Taye zoa (-1)™ 
ES 7 vale) Cm +1)! 
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The function f(x) = 1/(1 — x) 
By repeated differentiation of f(x) = 1/(1 — x), we can verify that 


k! 


Thus in particular f (k) (0) = k!, so the Taylor polynomial of degree n at 0 
for f is 


n fik) 
Taa >” J w of 
k=0 


k 


n 
=X st =1+r+? +. +a". 
k=0 
Figure 4 shows the graphs of the Taylor polynomials of degrees 1, 2, 4 
and 7 at 0 for f. 


The graphs show that the nature of the approximation is very different 
from that in the previous example. For the sine function, the interval over 
which the approximation is good seems to expand indefinitely as the degree 
of the polynomial increases. For f(x) = 1/(1 — x), however, the interval of 
good approximation always seems to be contained in the interval (—1, 1). 


For this function f, the Taylor polynomials Ta (r) at 0 are the nth partial 
Co 
sums of the geometric series > x”. This series converges with sum 


n=0 
1/(1 — x) for |x| < 1, and diverges for |x| > 1, as you saw in Theorem D24 
in Unit D3 Series. Thus, if |x| < 1, then 


Talx) > f(x) as n > co. 


So in this example we can prove that the polynomials T(x) provide better 
and better approximations to f(x) as n increases, but only if |x| < 1. For 
|x| > 1, the sequence (Tan (2)) does not converge, so increasing the value of 
n does not in general give a better approximation to f(z). 


y = T(x) 


y = T(x) 


Figure 4 The graphs of Taylor polynomials at 0 for f(x) = 1/(1 — x) 


In later sections we often need general formulas for certain key Taylor 
polynomials at the point a = 0; we ask you to find these in the next 
exercise. 


Exercise F59 


Determine the Taylor polynomial of degree n at 0 for each of the following 
functions. 


(a) f(z)=e (b) f(@æ)=log +s) (c) f(a) = cosx 
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r>a 
a C T 


Figure 5 The points a, x and 
c in Taylor’s Theorem 
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2 Taylor's Theorem 


In this section you will investigate how closely the Taylor polynomials of a 
function f approximate f and see that, for many functions, f has a 
representation at the point x = a of the form 


n—> o0 


ie) => lim Tale) = ip an(z — a)”. 
n=0 


We then say that f is the sum function of a power series. 


2.1 Taylor’s Theorem 


In Section 1 we showed how to find the Taylor polynomial Tan (£) of 

degree n at the point a for a function f. This polynomial and its first n 
derivatives agree with f and its first n derivatives at a, and for larger 
values of n the polynomial appears to approximate f at points near a. The 
following fundamental result gives a formula for the error involved in this 
approximation. 


Theorem F63 Taylor’s Theorem 


Let the function f be (n + 1)-times differentiable on an open interval 
containing the points a and x. Then 


(n) 


F(a) = f(a) +O- a) t FID e — a)” + WA 
= Ta (z) + Ra(2), 


where T,,(x) is the Taylor polynomial of degree n at a for f and 
fo) (c) 
(se) 


for some c between a and z. 


R(x) = Ce Oa 


Remarks 


1. Figure 5 shows the possible relative positions of the points a, x and c. 


2. Since Taylor’s Theorem can be expressed in the form 
f(x) = T(x) + Rafa), 


we say that R(x) is a remainder term, or error term, involved in 
approximating f(x) by T;,(a). The formula for Ra (r) involves an 
‘unknown number’ c, so it does not specify the remainder term R,,(zx) 
exactly. Nevertheless, we can often use it to show that T,,(x) is a good 
approximation to f(x). Note that, as with the notation Ta (r), our 
notation R,,(x) does not reflect the fact that the remainder also 
depends on both f and a. 


3. When n = 0, Taylor’s Theorem reduces to 
f(z) = f(a) + F’ (c)(2 — a), 


for some c between a and z; that is, 


Fe) = F@) _ px) 


T—a 
for some c between a and x. But this is just the Mean Value Theorem 
that you met in Subsection 4.1 of Unit F2 Differentiation (see 

Figure 6). Thus Taylor’s Theorem can be considered as a generalisation 
of the Mean Value Theorem. 


4. The form of the remainder Ra (tr) given in Taylor’s Theorem is actually 
due to Lagrange. There are other forms, due to Taylor and Cauchy, and 
also the following neat formula which can be derived by repeated 
integration by parts (we do not prove this here): 


ATE f SO see a 


Note that this form of the remainder does not involve any ‘unknown 
numbers’. 


Brook Taylor (1685-1731) was an English mathematician who in 1715 
published a slim volume entitled Methodus incrementorum (Method 
of Increments) which included the theorem that now bears his name. 
Taylor was the first to publish the theorem but he was not the first to 
discover it. At least five mathematicians anticipated him: 

James Gregory (1671), Leibniz (1670s), Newton (1691), 

Johann Bernoulli (1694) and de Moivre (1708). However, Taylor was 
the first to have appreciated the fundamental significance of the result. 


The first explicit expression for the remainder term in Taylor’s 
theorem was provided by Joseph-Louis Lagrange in 1797 in his 
Théorie des fonctions analytiques (Theory of analytic functions), the 
text in which he attempted to provide a sound foundation for calculus 
by reducing it to algebra and developing it on the basis of Taylor’s 
Theorem. 


Taylor was an accomplished musician and artist, and in his book on 
linear perspective, which was also first published in 1715, with an 
improved version in 1719, he enriched the theory of perspective in 
many respects. 


In Subsection 4.1 of Unit F2 we proved the Mean Value Theorem using 
Rolle’s Theorem, which you also met in Unit F2. This says that, if f is 
continuous on the closed interval [a,b] and differentiable on (a,b), and if 
f(a) = f(b), then there is a point c with a < c < b such that f’(c) = 0. We 
now use Rolle’s Theorem to prove Taylor’s Theorem. If you are short of 
time, then you may prefer to skim read this proof. 


2  Taylor’s Theorem 
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Figure 6 The Mean Value 


Theorem 
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Proof of Taylor’s Theorem In the proof we assume that x > a; the 
proof for x < a is similar. 


We consider the function 


h(t) = f(t) —Talt) — Aft— a)”?!, (1) 


where Tn is the Taylor polynomial of degree n at a for f, and Aisa 
constant chosen so that 


h(x) = 0. (2) 
Now, by the definition of Ty, 

To= TOS or {"@=T Oe, 
so 

h(a)=0, hi(a)=0, ..., h(a) =0. 


Thus the function A is continuous and differentiable on an open interval 
containing a and x, and h(a) = 0 = h(x). So, by Rolle’s Theorem applied 
to h on the interval [a,x], there is a number cı between a and x for which 


h'(c1) = 0. 


Similarly, the function h’ is continuous and differentiable on an open 
interval containing a and c1, and h’(a) = 0 = h’(c,). Hence, by Rolle’s 
Theorem applied to h’ on the interval |a, ci], there is a number c2 between 
a and cı for which 


h"(co) = 0. 
Applying Rolle’s Theorem successively to the functions 
h", h®), akg BO, 
on the intervals 
[a, ca], [a,c3], ..., [a, Cn], where co > c3 >--- > cn >a, 
we deduce that there is a number c between a and c, for which 
A+) (ce) = 0. (3) 


These points are illustrated in Figure 7. 


a Cc Ch ... C2 C1 T 


Figure 7 ‘The points a, C, c1, C2, ..., Cn and x 
By repeatedly differentiating equation (1), we obtain 
nr) ED — An +1) (4) 


®. Note that MO = 0 since Tn is a polynomial of degree at most n 
and differentiating such a polynomial n times gives a constant. ©& 


From eguations (3) and (4), we deduce that 


(n+1) 
(n+) (e) — = _ fe") 
f (c)— A(n+1)!=0, so A (+i) (5) 
Finally, it follows from equations (1), (2) and (5) that 
(n+1) 
_ = n+1 __ f (c) = n+1 
f(a) = Tala) + Ala = a)" = Tala) + ea, 
as required. | 


Exercise F60 


By applying Taylor’s Theorem with n = 3 to the function f(x) = cos at 
a = 0, prove that, for x Æ 0, 
B ia, COSC 4 
cosx = 1 — 52° + 7 Ha 


where c lies between 0 and z. 


(The Taylor polynomial of degree n at 0 for cosx was found in 
Exercise F59(c)). 


The conclusion of Exercise F60 can be restated as 
COSC 4 
ay? 
where c lies between 0 and x. Here we do not know the exact value of c, 
but we do know that |cosc| < 1. Thus we can deduce that 


cosg — (1-327) = 


__ |cose| |x|? 
© 4 4l 
In this way, we obtain an explicit remainder estimate, or error bound, 
for the approximation of cosx by 1 — 317, which is small when zx is near 0. 


| cos x — (1 — $2”)| jali < 


In general, we can obtain such an estimate for | f(x) — T,(x)| = |Rn(z)| 
provided that we have an estimate for |f(+!)(c)| which is valid for all c 
between a and x. The following strategy sets out this process. 


Strategy F11 


To show that the Taylor polynomial T, at a for f approximates f toa 
certain accuracy at a point x Æ a, do the following. 


1. Obtain a formula for f(t, 
2. Determine a number M such that 


[FFD (c) < M, for all c between a and x. 


3. Write down and simplify the remainder estimate 


We) = Tn(x)| = |Rn(x)| < jie — al". 


M 
(n + 1) 
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Note that in step 2 we can use any convenient value for M, preferably not 
too large. Sometimes we can determine the maximum value of | f("+)) (c)| 
for c in the closed interval with endpoints a and z, and often this 
maximum value is taken when c is equal to either a or x. Usually, however, 
any ‘good enough’ upper bound for | f+ (c)| will do. 


Worked Exercise F43 


(a) Write down the Taylor polynomial T3(x) at a = 0 for f(x) = sin z. 
(b) Use Taylor’s Theorem to show that |sin(0.1) — 73(0.1)| < 5 x 1076. 


(c) Hence calculate sin(0.1) to four decimal places. 


Solution 
(a) For f(x) = sinz and a = 0, we have 


T(x) = £ — za”. 


®. This expression for T3(x) was derived in Worked 
Exercise F41(a). @ 
(b) We use Strategy F11 with a = 0, z = 0.1 and n = 3. 
1. First, f® (z) = sina. 
2. Thus 
|f(c)| =|sine] <1, for ce [0,0.]], 
so we can take M = 1. 
®. With care a smaller value for M can be obtained. For 


example, using the Sine Inequality (Theorem D45 in Unit D4 
Continuity), we have 


|sinc| < |e] < 0.1, for ce [0,0.1]. 
However, here we take M = 1. © 


M 
3. Using the remainder estimate m+ x —a|"*!, we therefore 
n ! 
obtain 


|sin(0.1) — T3(0.1)| = |R3(0.1)| 


eae 
CESI 


1 4 
= 0.000 004 16 
= On 


as required. 
(c) By part (a), 
T3(0.1) = 0.1 — % x 107° 
= 0.1 — 0.000 166 66... = 0.099 833 33.... 


Exercise F61 


(a) Write down the Taylor polynomial 75(7) at a = 0 for 
f(x) = log(1+ x), using the solution to Exercise F59(b). 


(b) Use Taylor’s Theorem to show that |log(1.02) — T2(0.02)| < 3 x 1078. 


(c) Hence calculate log(1.02) to four decimal places. 


Our next strategy shows how to use Taylor’s Theorem to obtain an 
approximation to f which holds at all points of an interval. 


Strategy F12 


To show that the Taylor polynomial T, at a for f approximates f toa 
certain accuracy throughout an interval J of the form [a,a + r], 
[a — r,a] or [a — r,a +r], where r > 0, do the following. 


1. Obtain a formula for f°), 
2. Determine a number M such that 
[FY (c)| <M, for allc el. 
3. Write down and simplify the remainder estimate 
M n+l 
T 
(n+1)! 


ae) ee) | ean le , ior alll ge € J. 


Strategy F12 is obtained from Strategy F11 by replacing |x — a| by r, since 
|x — a| < r for all values of x in the interval J. 


By applying Strategy F12 to the situation in Worked Exercise F43, we can 
show that the remainder estimate at the point x = 0.1 in fact holds over 
the whole interval [0, 0.1]. Here we have r = 0.1, M = 1 and n = 3, so 


1 
[sins — Ta(x)| < z 0.14 < 5x107, forall x € [0,0.1]. 


Here is another worked exercise. 
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Worked Exercise F44 


(a) Calculate the Taylor polynomial T3(x) at 1 for f(x) = 1/(2 +2). 


(b) Show that 73(x) approximates f(x) with an error less than 5 x 1073 
on the interval [1, 2]. 


Solution 
(a) For this function, 
f(z) = 1/( + 2), PO) = 1a 
P=- P= 
f" (z) =2/( +2),  f"(1) = 2/27 
P= ee E E -2/27. 
Hence the Taylor polynomial of degree 3 at 1 for f is 
T3(x) =} -3(£-1)+ (z - 1? -— a(s- 1). 
(b) We use Strategy F12 with I = [1,2],a=1,r=1andn=3. 


24 
1 Fi OC) = —— 
ish; f° (a) (e+ 25 
2- Movs 
24 24 
Ol 2 ee a: 1,2 


so we can take M = 24/3°. 
@. Here we have used the fact that, since c > 1, we have 
e+2>142=3.@ 


n+l 


3. Using the remainder estimate , we obtain 


|f(2) — 13(x)| = |R (x)| 
M 3+1 

Con t 

1 24 

~ a * 35 


1 
= 25 = 0.0041..., for x € [1,2]. 


ms 


voile 


Thus 73(x) approximates f(x) with an error less than 5 x 1073 
om ile A 


Exercise F62 


(a) Calculate the Taylor polynomial T4(x) at m for the function 
f(z) = cose. 


(b) Show that T(x) approximates f(x) with an error less than 3 x 1073 
on the interval [3r /4, 57/4]. 
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2.2. Taylor series 


From Taylor’s Theorem we know that if a function f can be differentiated 
as often as we want on an open interval containing the points a and x, then 


f(x) Tale) + Ry(z) gy tll AA (2) 
for n = 0,1,2,..., where 
Rula) = fOFD(c) (æa 
me (ni) ? 


for some c between a and x. So if the error terms Rp(x) tend to zero, then 
the Taylor polynomials Ta (r) tend to f(x) as n tends to infinity, and we 
can write f as an infinite series. Thus we have the following result. 


Theorem F64 


Let f have derivatives of all orders on an open interval containing the 
points a and x. If 


Rn(z) > 0 as n > oo, 


then 


Note that, for x = a and n = 0, the series in the statement of Theorem F64 
involves the expression 0°. By convention, we take 0° = 1 in such series. 


It follows from Theorem F64 that, if Rn(r) > 0 as n —> oo, then we can 
express f(x) as a series whose terms involve powers of (x — a). 


Definition 
Let f have derivatives of all orders at the point a. The Taylor series 
at a for f is 


f" (a) 
2! 


SOYA 
5 Ee IA AI 


If x is a point for which the Taylor series for f has the sum f(x) given in 
the statement of Theorem F64 (that is, when R,(x) + 0 as n > oo), then 
we say that the Taylor series is valid at the point x. Any set of values of x 
for which a Taylor series is valid is called a range of validity for the 
Taylor series. On any such range of validity, the function f is the sum 
function of the Taylor series. 


We can use Theorem F64 to obtain the following basic Taylor series. In 
each case we have indicated the largest possible range of validity. 
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Theorem F65 Basic Taylor series at 0 


1 0O 
Ee t=)", for lel <1. 
=T n—=0 
l 2 ee co (=1)e yee nt 
(b) ee for « E R. 
gc? gt = (Paes 
(c) OE a for x E€ R. 
wa 
2 ES g 
(d) seler t=) To for x e€ R 
n—0 
mo = (eee 
m= 
Remarks 


1. Taking x = 1 in Theorem F65(e), we obtain the unexpected sum 


os (AA 
X =—— =1-4+4- 4+ [= log2. 
n=1 
This series is known as the alternating harmonic series. 


2. In Subsection 4.1 of Unit D3 we defined the exponential function as 


Theorem F65(d) shows that e” is the sum function of the series 
co 


> x" /n! for all x, not just for x > 0. Note that some texts define 
n=0 
e” = exp(x) using this power series. 


3. In this module, sin x and cos 7 are defined in terms of a right-angled 
triangle. Theorem F65 shows that sin x and cosx can be represented by 
power series for all x € R, and some texts use these series to define sin x 
and cos x in a way that does not depend on geometric ideas. 


Proof of Theorem F65 


(a) Let f(r) < 1/(1— x). You saw in Subsection 1.2 that the Taylor 
polynomial of degree n at 0 for f is 


n 
Tale) =1+a+---+a%= Na, 
k=0 
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Now 1+a2+27+--- is a geometric series with initial term 1 and 
common ratio x, which has sum 1/(1 — x) for |x| < 1, as you saw in 
Theorem D24 in Unit D3. Thus the result follows. 


Let f(x) =sinz. You saw in Worked Exercise F42 that the Taylor 
polynomial of degree n at 0 for f is 
3 5 mM »2m+1 m kp 2k+1 
By xv Le =I)" 
Peat ee ey a 
3! 5! (2m + 1)! se (2k + 1)! 
where n = 2m + 1 or n = 2m+2. 
By Taylor’s Theorem, we have 
FEV) n+1 


sinz = Trla) + Rn(z), where R(x) = (n+ 1)! = 7 


for some c between 0 and x. Since 


TFD (7) = +sin g or + cos 7, 


we have | f("+)(c)| < 1, so 
Jaji 


Gam oe 
n : 


|Rn(a)| < 


®. Here we have used the Squeeze Rule for null sequences and the 
fact that (a"/n!) is a basic null sequence; see Subsection 2.3 of 
Unit D2 Sequences. & 


Hence the result follows. 


The proof of part (c) is similar to that of part (b), so we omit the 
details. 


Let f(x) = e”. You saw in the solution to Exercise F59(a) that the 
Taylor polynomial of degree n at 0 for f is 


72 x” U ak 
=0 


By Taylor’s Theorem, we have 
e” = Te) + Ryle), 
where 
ZO) n+1 ai 


=e -——_ 


a) = (n+1)!’ 


for some c between 0 and x. Now e° < e!*! and (a"*1/(n + 1)!) is a 
null sequence. 


®. The value of c depends on n, but it always lies between 0 
and z. 8 


Hence R(x) + 0 as n > ov, by the Squeeze Rule for null sequences, 
so the result follows. 


2  Taylor’s Theorem 
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(e) 


3 


Let f(x) = log(1 +x). You saw in the solution to Exercise F59(b) 
that the Taylor polynomial of degree n at 0 for f for n > 1 is 
2 3 =i n+1,.n n = k+1_k 
Sie ee AI 
2 3 n = k 


By Taylor’s Theorem, we have 


or) (c) n+l 


log(1 + x) = Ta(x) + Rn(x), where R,(x) = E ae 
for some c between 0 and z. 


Now suppose that 0 < x < 1. Since, by the solution to 
Exercise F59(b), 


forte) = (—1)"*2n! 
(I+ ayn 
we have 
= 1 n! n+l 
|Rn(z)| = me x ETE |z| 
[aie 


1 
S e — oo. 
mEt Én as n — 00 


Hence 
(oe) 
(=i) iz” 
log(1 = —£_—., fr0<r<l. 
og(1 + 2) À = or O<r< 


®. Here we have used the fact that 0 < c < x < 1, so 
erei and 1+e>1, 


We can include x = 0 in the range of validity because both log(1 + x) 
and the sum function are zero when g = 0. 8 


The proof that this Taylor series is also valid for —1 < x < 0 does not 
follow from the above form of R,,(x); we ask you to prove it later, in 
Exercise F72. | 


Convergence of power series 


So far in this unit you have seen how a function f can often be 
approximated near a point a by means of a Taylor series, which is an 
infinite sum of powers of (x — a). In this section you will study the 
behaviour of such power series in their own right, and consider functions 
which are defined by power series. 


3 Convergence of power series 


3.1 Radius of convergence 


We begin with a formal definition of a power series. 


Definitions 


Let a € R, x € R and an € R, n=0,1,2,.... Then the expression 
OO 
X an(x — a)” = ao + a (£ — a) + a2(x — a)? +--+- 
n=O) 


is called a power series at a in x, with coefficients an. We call a 
the centre of the power series. 


Notice that in the definition of a power series, we think of a as a constant 
and x as a variable. 


In Section 2 you saw that certain standard functions can be expressed as 
the sum functions of their Taylor series; for example, 


oO 
= ya for |z| < 1, 
n=0 


and 
09 1) tig n 
log(1 + x) = p , for —1<zx<1, 
n=] 
and both these series are power series at 0 in x. All Taylor series are 
examples of power series. 


On the other hand, we can consider power series in their own right and use 
these to define functions. For example, you saw in Subsection 2.2 that we 
could have defined the exponential function by the formula 


X g” 
Dag — (reR). 
= n! 
Another example is the Bessel function 
[0.6] 
WA (1)"(@/2)?" 
n=0 
which arises in connection with the vibration of a circular drum. diverges converges diverges 
In each of the above examples (where a = 0), the power series converges (ee 
an interval with centre a. The next result shows that this property is true a-Ra a+R 


for all power series; it is illustrated in Figure 8. We give the proof of this Figure 8 The radius of 
result in Subsection 3.2. convergence 
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Theorem F66 Radius of Convergence Theorem 


For a given power series Ss an(x — a)", exactly one of the following 


possibilities occurs. vo 
(a) The series converges only for x = a. 
(b) The series converges for all x. 


(c) There is a number R > 0 such that 
co 
> an(x — a)” converges if |x — a| < R 
n—0 
and 


(oe) 

ya an(x — a)” diverges if |x — a| > R. 

n=) 
Moreover, in parts (a), (b) and (c) the series converges absolutely on 
the specified sets of convergence. 


Although it is usually sufficient to know that a series is convergent, the 
stronger result about absolute convergence is sometimes useful (for 
example, we will use it when we prove the Differentiation Rule in 
Subsection 4.2). Remember that a series >? an converges absolutely if the 
series >, |an| converges. We showed in Theorem D34 in Unit D3 that every 
absolutely convergent series is convergent. 


You have already met the following examples of the three possibilities in 
Theorem F66 (see Theorem F65(d) for (b) and Unit D3 for (a) and (c)): 
OO 
(a) > n! a” converges only for x = 0 
n=0 


co n 


(b) wa L converges for all x 


n=0 


OO 
(c) yo converges if |x| < 1 and diverges if |z| > 1, so R = 1. 

n=0 
The positive number R in Theorem F66(c) is called the radius of 
convergence of the power series because the power series converges at 
those points whose distance from the centre a is less than R, and diverges 
at those points whose distance from a is greater than R. (Power series can 
also be defined for complex variables, in which case the points whose 
distance from the centre is less than R form a disc of radius R.) We extend 
the definition of the radius of convergence to the cases of Theorem F66(a) 
and (b) by writing 


3 Convergence of power series 


R = 0 if the power series converges only for « = a 
and 
R= œ if the power series converges for all x. 


In this last case R is used as a symbol, not a real number. 


Theorem F66(c) makes no assertion about the behaviour of the power 
series at the endpoints of the interval (a — R,a + R); in fact, a power series 
may converge at both endpoints, neither endpoint or exactly one endpoint, 
as you will see in Worked Exercise F46. 


The interval of convergence of the power series is the interval 
(a — R,a+ R), together with any endpoints of this interval at which the 
power series converges. 


Figure 9 illustrates the various possible types of interval of convergence of 


y anlx — a)”. 
n=0 


. eT ee 
a R a-R a a+R 
I i Se 
a-R a atR a-R a a+R a-R a at+R 


Figure 9 Possible types of intervals of convergence 


Theorem F66 tells us that each power series has a radius of convergence R, 
but it does not tell us how to find R. However, a power series is a 
particular type of series, so the convergence tests for series from Unit D3 
can be applied. 


We can find the radius of convergence of many power series by using the 
following version of the Ratio Test for series from Subsection 2.1 of 
Unit D3. 


Theorem F67 Ratio Test for power series 
[0.0] 

Suppose that ` an(x — a)” is a power series with radius of 
n=0 

convergence R, and that 


An+1 
an 


> L as n> œ. 


(a) If L is œ, then R = 0. 
(o) T L = 0, tinen e = ea: 
(e) me L > O, tnem a = iib 
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Proof We give this proof only in the case that a = 0. The proof of the 
general case is similar. It follows from the statement about absolute 


convergence in Theorem F66 that it is sufficient to consider the 
OO 


convergence of the series 5 |a,x"| as this is convergent precisely when 

co n=0 

3 ang” is convergent. This enables us to base the proof on the Ratio Test 
n=0 


for series which can only be applied to a series of positive terms. 


(a) Suppose that 


Ganzi 
——| > oo as n > œ. 
an 
Then, for « Æ 0, 
1 
lange] Jaai 
-~ = |x| + œ as n > oo, 
|anx”| n 
co 
so > |anx"| is divergent, by the Ratio Test for series. 
n=0 
Co 


Thus the series pe anz” converges only for x = 0, so R = 0. 
n=0 
(b) Now suppose that 
An+1 
an 
Then, for x Æ 0, 
[an1] 
|anx”| 


—> 0 as n > oo. 


Ani 


|z| + 0 x |z| = 0 < 1 as n > oœ, 


CO 
so anx"| is convergent, by the Ratio Test for series. 
> gent, by 


n=0 
oo 


Thus the series > anz” converges for all x € R, so R= oo. 
n=0 
(c) Finally, suppose that 
An+1 
an 


> Las n> oœ, 


where L > 0. 
If |z| > 1/L, then 


[apace | 


|anx”| 


An+1 


|z| > L|z| > 1 as n > oo, 


co 
so > lan2”| is divergent, by the Ratio Test for series. Thus if 
n=0 
(oe) 
|x| > L, then the series Ds a,x" is not absolutely convergent and 


n=0 
hence is not convergent, so it follows that R < 1/L. 


224 


3 Convergence of power series 


However, if 0 < |x| < 1/L, then 


lenge" | = An+1 


|z| > L|z|<lasn>o@, 


|anz”| n 


(oe) 
so > |anx”| is convergent, by the Ratio Test for series. Thus if 
n=0 oo 
|x| < L, then the series LD anz” is absolutely convergent and hence, 
n=0 
by Theorem F66, is convergent, from which it follows that R > 1/L. 


Taken together, these results show that R = 1/L, which completes 
the proof. E 


Worked Exercise F45 


Determine the radius of convergence of each of the following power series. 


(a) py eae (b) Da 
n=0 : n=0 


n! 


Exercise F603 


Determine the radius of convergence of each of the following power series. 


(a) So(a"+4")2" b SS Car (c) X n+2”)(z- 1)" 
n=0 n=1 n=0 


(d) ba na 
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The next exercise concerns a power series which plays an important role in 
Section 4, where we will use it to prove a generalised binomial theorem. In 
this power series a can be any real number, but if a € {0,1,2,...} then the 
series has only finitely many non-zero terms and thus converges for all 
values of 7. The exercise asks you to determine the radius of convergence 
of the power series for other values of a. 


Exercise F64 


Determine the radius of convergence of the power series 


a(a— 1 al(a—1)---(a-n+1 
BI i, EAE, 


where a £0,1,2,.... 


ltaxr+ 


The Ratio Test gives an open interval on which a power series converges. 
To determine the full interval of convergence of a power series with finite 
non-zero radius of convergence, we need to use other tests to find the 
behaviour at the interval endpoints. 


Strategy F13 
[0.0] 
To find the interval of convergence of the power series D anlx — a)”, 


n=0 


do the following. 


1. Use the Ratio Test for power series to find the radius of 
convergence R. 


2. If R is finite and non-zero, use other tests for series to determine 
the behaviour of the power series at the endpoints of the interval 
(a—R,a+R). 


You met a general strategy for applying the various tests for convergence 
or divergence of a series in Subsection 3.3 of Unit D3 (Strategy D13, which 
you can also find in the module Handbook). You may find it helpful to 
refer to this general strategy when applying step 2 of Strategy F13. 


Note in particular that we can use Strategy F13 to establish the largest 
possible range of validity of a Taylor series. Since a Taylor series is a power 
series, its largest possible range of validity is the interval of convergence 
obtained by using Strategy F13. 


In the following worked exercise and exercise, each of the power series has 
coefficient ag = 0, so the sum starts at n = 1. 


3 Convergence of power series 


Worked Exercise F46 


Determine the interval of convergence of each of the following power series. 


®ve OL oye 
n=1 n=1 n=1 


Solution 
In each case, we apply Strategy F13. 
(a) Here an —ltor t=O. 

1. Since 
An+1 
ün 
we have R = 1, by the Ratio Test. Thus (by the Radius of 

Convergence Theorem) this power series 


= for j= n 


e converges for —1 < x < 1, 
e diverges for x > 1 and x < —1. 


co 
2. Itz = 1, then the power series is 5 1”, which is divergent by 
the Non-null Test. n=1 


o0 
If x = —1, then the power series is >S’, which is also 
divergent by the Non-null Test. "=! 

Hence the interval of convergence is (—1, 1). 

(ib) “Herea, = l/n, tor nm — 1, 2.5.3: 


1. Since 


1 n il 
x = = ——_ 
n+1 1 1+1/n 


we have R = 1, by the Ratio Test. Thus this power series 


An+1 
an 


> l as n> œo, 


e converges for —1 <a < 1, 
e diverges for x > 1 and g < —1. 


co 
1 
2. If «= 1, then the power series is > —, which is a basic 
n 


divergent series. wa 


(0 


n 


, which is 


co 
If x = —1, then the power series is D 
m= 


convergent by the Alternating Test. 


Hence the interval of convergence is [—1, 1). 
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le) Here, = 1/(2'n*); form — 12 


1. Since 
An+1 E 1 7 In? 
an | 2"+1(n +1)2 1 
1 


1 
=~, > = = 00, 
aU a 


we have R = 2, by the Ratio Test. Since a = 3, this power 
series 


e converges for 1 < a < 5, 
e diverges for x > 5 and x < 1. 


®. This follows because 
|z -3| <2 <= -—2< 4-322 
E a 
by the rules for rearranging inequalities. © 
2. If « = 5, then the power series is 


Su yi 
Do a 
m= n= 


which is a basic convergent series. 
If x = 1, then the power series is 


oo oo 

1 (-1)" 
Sr aa er 
n=l = 


which is convergent by the Absolute Convergence Test. 


Hence the interval of convergence is [1, 5]. 


Exercise F65 
Determine the interval of convergence of each of the following power series. 


(a) Dona") De -5p 
n=1 


n=1 


3.2 Proof of the Radius of Convergence 
Theorem (optional) 


In what follows, we often use without reference the fact that an absolutely 
convergent series is convergent. 


To prove the Radius of Convergence Theorem, we need the following 
preliminary result. 
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Lemma F68 


co 


If the power series Ss ang” converges for some 70 Æ 0, then it is 


n=0 
absolutely convergent on the interval (—|zo|, |xo]). 


Figure 10 illustrates the statement of the lemma in the two possible cases 
zo > 0 and x < 0. 


ASSUME 
convergence 
at Xo 


ro > 0 toxu 
Ai —— 
0 0 


DEDUCE 
convergence on interval 


(—|zo], |zo]) 


Figure 10 The two cases of Lemma F68 


Proof of Lemma F68 First we write r = |xo|. Since the series 


oO 


tP anxo is convergent, the sequence (an tg) is null by Theorem D27 in 


n=0 
Unit D3, and hence there is a number K such that 
langle" = janzo| < K, for n = 0,1,2,.... (6) 
[oe 
Suppose that |z| < r. To prove that 5> anx” is absolutely convergent, we 
write n=0 
Ay M 
ang” = anr” (=) . 
r 


Then, by inequality (6), 
El" <K (=) l 
r r 


oo n 
Since |x| < r, we have |z|/r < 1, so the geometric series > K (=) is 
r 


lanz"| = |an|r” 


n=0 


convergent. Hence, by the Comparison Test (Theorem D30 in Unit D3), 
OO 


> |a,x"| is convergent, as required. E 


n=0 


We can now give the proof of the Radius of Convergence Theorem, which 
we first state again for convenience. 
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Ò |c| a, R=supE 


Figure 11 The case when 
|z| < R 


0 R=supE 2 |z| 


Figure 12 The case when 
|x| > R 
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Theorem F66 Radius of Convergence Theorem 


For a given power series ` an(x — a)”, exactly one of the following 


possibilities occurs. wa 
(a) The series converges only for x = a. 
(b) The series converges for all x. 


(c) There is a number R > 0 such that 


[0.6] 
Ya an(z — a)” converges if |x — a| < R 
=O 

and 


(oe) 

> an(x — a)” diverges if |x — a| > R. 

n=0 
Moreover, in parts (a), (b) and (c) the series converges absolutely on 
the specified sets of convergence. 


Proof We give the proof only in the case a = 0. The proof of the general 
case is similar. 


First we define the set 


[oe] 
B= fa ER: `> ang” is convergent} f 


n=0 
If E = {0}, then possibility (a) holds. 


If E is unbounded, then for every x € R there exists some to € E such 
0O 


that |x| < |ao|. Thus the series > anz” is absolutely convergent, by 
n=0 
Lemma F68. Since this is true for every x € R, it follows that 


possibility (b) holds. 

Otherwise, the set E is bounded and contains a point 70 4 0. Then 
(—|xo|, |zo|) C E, by Lemma F68, so sup E > |zo|. We define R = sup F, 
where R is the radius of convergence. 


If |x| < R, then we can find x; € E such that |x| < x1; see Figure 11. 
(oe) 


Thus, by Lemma F68, the series 7 anx” is absolutely convergent. 
n=0 
If |x| > R, then we can find x2 > R such that |x| > x2; see Figure 12. So 
(oe) [0,6] 0O 
> ang” is divergent (since if `> anz” is convergent, then bp anT3 is 


n=0 n=0 n=0 


convergent, by Lemma F68). Hence possibility (c) holds. 


The above arguments show that in each case the given power series is not 
just convergent but absolutely convergent at each interior point of its 
interval of convergence. 


This completes the proof. | 


4 Manipulating Taylor series 


In Section 2 you saw that many functions can be represented by a Taylor 
series; if there exists R > 0 such that 


f(x) = 


n=0 
for |x — a| < R, then the expression on the right is the Taylor series at a 
for f. 


In this section you will meet several rules which enable us to obtain ‘new 
Taylor series from old’, and so build on the list of basic Taylor series given 
in Theorem F65. Some of the rules for manipulating Taylor series are 
similar to the corresponding rules for continuous or differentiable functions. 


We begin by noting that we can obtain new Taylor series from old by 
replacing x with another expression. For example, you have already seen 
the following Taylor series at 0: 


1 co 
ee for |x| < 1. (7) 


This power series has radius of convergence 1. Since |—2| < 1 if and only if 
|z| < 1, we can deduce from equation (7) that 


1 


OO 
—— S15 aE —1)”z”, for |æ| <1, 
Pa r+ 2 ys or |z| 


and this power series also has radius of convergence 1. 


Similarly, since |3x?| < 1 if and only if |£] < 1/3, we can deduce from 
equation (7) that 


1 


12322 = | + 3x? + (3x7)? + (327)? +++: 


OO 
= ee for |r| < 1/V3, 
n=0 


and this power series has radius of convergence 1/73. 
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4.1 The Combination Rules and the Power 
Rule 


We now study the Combination Rules for Taylor series. 


Theorem F69 Combination Rules for Taylor series 


Let f and g be functions that can both be represented by a Taylor 
series at a, and suppose that 


OO 
Zs Smee — a)”, for |x — a| < R, 
n=0 


(0,6) 
gla) = > Di —a)”", for |e ~ a| < R 
w=) 


Then the following hold for r = min{R, R'} and à € R: 
OO 
Sum Rule (f F9)(2) = Do + bn) (z — a)”, 
n=0 
for |x —al <r 


Multiple Rule Af(x) = `> àan(z — a)”, for |z — a| < R. 
n=0 


Remarks 


1. The Sum and Multiple Rules for Taylor series are simply special cases 
of the Sum and Multiple Rules for general convergent series (see 
Theorem D25 in Unit D3.) 


2. The radius of convergence of the Taylor series for f + g may be larger 
than r = min{R, R’}: Theorem F69 simply asserts that it must be at 
least r. For example, we can use the standard geometric series and the 
Sum and Multiple Rules to verify that the Taylor series at 0 for the 


1 
d = — 4 — 
tog an g(x) fon Toe 


functions f(x) = 
OO 

f(a) =1+r +r? +r t =F = 
n=0 


and, by replacing x with 1/2, 


g(x) =—(1 ++? +r? +) iet Ga? tir) 


0O 
1 
sy (ai =) of 
a 2" 
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The Taylor series for each of f and g has radius of convergence 1, by the 
Ratio Test for power series, so Theorem F69 tells us that the radius of 
convergence of the Taylor series for f + g is at least 1. However, the 


1 
Taylor series for the function (f + g)(x) = 1-2/2 is 


0O 
1 
(f+ g)(a) =14 pot ja? tia t hatt =o a", 
n=0 
which has radius of convergence 2, by the Ratio Test for power series. 


Worked Exercise F47 


Find the Taylor series at 0 for f(a) = cosh z. 


Solution 


We can write 
cosha = 3(e*+e*), for r ER. 


We know that, for x € R, 


tT] E E AA 
ee Slet or 3) ar 
®. This is one of the basic Taylor series given in Theorem F65. 8 


and so, by replacing x with —2, 


PO g age 
=T = — — —— RRR — ns ... 
e *=1 at oy a (—1) ae ; 
Then, by the Sum Rule, we deduce that 
2 4 2n 
maa LI E AYA 
e+e (145454 oat T for x € R, 


since the odd-powered terms cancel. It then follows, by using the 
Multiple Rule with A = 3, that for x € R, 


2 4 2n 
— hy se =r = Za za 30% z 
cosh z = 5(e” +e JA * Gn! 


Exercise F66 


Find the Taylor series at 0 for each of the following functions. 


(a) f(x) = sinh z (b) f(x) = log(1 — x) + — 
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We now look at how we might find the Taylor series at 0 for the function 
f(a) = 


l-z 


1 
We can express i ak in the form (1+ 2) x ja using the Taylor 
-g — 7 


we have 
—z 


series for T 


1+ 1 
-= 
ee CINSI 


= (1+) x (+r +r? +r +r), for jel <1. 


If we then simply multiply out these two brackets and collect together the 
multiples of successive powers of x, we get 


1+ 


i =1x(1+r +r? tei + +H) 
— 7 


aa WA AE ai HHHH) 
= 142r 4 2r? 42? heed De AAA, 


and this power series has radius of convergence 1. 


To justify multiplying together Taylor series in this way to obtain further 
Taylor series, we now state and prove the Product Rule for Taylor series. If 
you are short of time, then you may prefer to skim read the proof. 


Theorem F70 Product Rule for Taylor series 


Let f and g be functions that can both be represented by a Taylor 
series at a, and suppose that 


OO 
Ze = eae — a)”, for |x—a|< R, 
n=0 


oO 
e) = ale —a)", for |z—a| < R’. 
n=0 
Then if r = min{R, R’} we have 
co 
ae) = Sale —a)", for |z—-—a| <r, 
n=0 
where 


n 
Cn = aobn + aibn—1 + +--+ + an—1b1 + Ando = > Qo ae 
KO 


Note that although the expression for the coefficient c, looks rather 
complicated, it is just the result of multiplying the two Taylor series term 
by term and summing all the resulting coefficients of (x — a)”. 
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Proof of Theorem F70 For simplicity, we assume that a = 0. 
Take n > 2 and put m = we the integer part of 3n. Then 


nm n 
>, ajx? x > ba! = S cpa” + the sum of moe terms a;b; git 
j j k=0 
in Sa! aT a) with i+j >n. 
1—0 j=0 


Thus, by the Triangle Inequality, 


a oo Í — Sea < the oun of thone terms Ja;bja' x’ WI 
i=0 j=0 k=0 


j=0 


But all the latter terms are included in the expression 


n n m m 
X laz] x X. bja] -X Jaiz] x X. lojal, 
i=0 j=0 i=0 j=0 


and the other terms in this expression are all non-negative. 


m m 
®. Note that all of the terms |a;bjxtti| in 3 |a;x"| x > |b;27| have 
i+j<2n<n. @ i=0 j=0 


Hence 


n nm m 
ie aitt x `> bjxi — 2 cya 
1-0 720 = 
n 


< Dol «etl kaa 1x Deh (8) 
j=0 


i=0 


Co 
Now suppose that |x| < r, so the series 3 jajx*| and `, |b;27| are both 
i=0 j=0 
convergent, with sums s and t, respectively. 


€P.. Here we have used the fact that a power series is absolutely convergent 
at each interior point of its interval of convergence. 8 


As n > oo, the right-hand side of inequality (8) tends to st — st = 0, since 
m — oo. Thus, by the Limit Inequality Rule (Theorem D11 in Unit D2), 
[0,6] 


> ckx" converges, and 


k=0 
29 . 
Daa aS u x Se: 
i=0 j=0 
This completes the proof of the Product Rule. | 


in Sja x Sjur withi + j >n. 
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Worked Exercise F48 


1+ 


Find the Taylor series at 0 for the function f(x) = aaa 


Solution 


We first write 
1l+a Lire, 1 
=a l-g 1-2 


We know that, for |æ| < 1, 


1 
1 De + 20? + 2a Hoe + 2a” H 
= 8b 
and 
1 
ero a 


€P.. We discussed the first of these two series just before stating the 
Product Rule, and our informal argument there is justified by the 
proof of the Product Rule. The second series is a basic Taylor series 
listed in Theorem F65. .©& 


Hence, by the Product Rule, 
1 Fa 1 Fa 1 


(=e) "fas tz 

(1 4- 2m d Da” de Dap? de oce d ee) 

EA AA hens haca) 

=1+(2+1l)r+(24+24+1)2?4+--- 
+(2+2+4---+241)2"+--- 

= 1 +3 +52? +--+ (2n +1)z”+---, 


ioe e <i 


lo, 
Thus the Taylor series for f at 0 is X (2n a for ee 


=À) 


Exercise F607 


Determine the Taylor series at 0 for each of the following functions. 


(a) AND b) Fe) = y 
lg 


(c) f(x) = asa 


Hint: In part (c), use the solution to Worked Exercise F48. 
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Exercise F68 


Determine the Taylor series at 0 for each of the following functions. In each 

case, indicate the general term and state a range of validity for the series. 
1 

(a) f(z) = sinh z + sin x (b) f(z) = {ioe 

Hint: In part (a), use the solution to Exercise F66(a). 


Exercise F69 


Determine the first three non-zero terms in the Taylor series at 0 for the 
function f(x) = e?(1—«)~?, and state a range of validity for the series. 


Hint: Use the solution to Exercise F67(b). 


4.2 The Differentiation and Integration 
Rules 


We have seen that the hyperbolic functions have the following Taylor series 
at 0: 
3 5 2 4 
. x x x x 
sinha =g + ar tate and cosha=1+ +7 +77: 
each with radius of convergence oo. Notice that the derivative of the 
function sinh z is cosh z, and that term-by-term differentiation of the series 
3 5 
x T ; ; T 
oa a gives the series 1 + 5 + 7 
can obtain the Taylor series for the derivative of a function f simply by 
differentiating the Taylor series for f itself. 


+--+. It looks as though we 


Our next two results show that we can differentiate or integrate the Taylor 
series of a function f term-by-term to obtain the Taylor series of the 


corresponding function f’ or | f, respectively, where we make an 


appropriate choice for the constant of integration. 


Theorem F71 Differentiation Rule for Taylor series 


The Taylor series 
Fe) = San(w— a)" and 9(c) = > nan(x — a)" 
=) w= 


have the same radius of convergence, R say. 


Also, f(x) is differentiable on (a — R,a + R), and 
O= for e= a< R 
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-R 0 |z| r R 
Figure 13 The relationship 
between r, |z| and R. 
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Note that the two series in the Differentiation Rule may behave differently 
at the endpoints of their respective intervals of convergence. For example, 
the power series 


1 1 
pita + aya + =o 
and 
1 il 1.5 1 l Si 4 


both have radius of convergence 1. However, the first series converges at 
both +1, whereas the second series converges at —1 but diverges at 1. 


Proof of the Differentiation Rule (optional) For simplicity, we 
assume that a = 0. 


(oe) OO 
Let the series > anx” and a nanz””! have radii of convergence R 


n=0 
and R’, respectively. We prove iai R'=R. 


We first show that R' > R. To prove this, suppose that |x| < R. Now 
OO 


choose r such that |z| < r < R, as shown in Figure 13. Then > anr” is 

n=0 
convergent, so (anr”) is a null sequence. Thus there is a positive number 
K such that 


lant |S K, forn-0,1,2,.... (9) 
Then 
n»~n—1 n=1 
K 
[nans !]| a da Š =n (2) > forn= l; 2e (10) 
prx i ja 


[0.6] 
by inequalities (9). Since |x|/r < 1, the series Son (\2|/r)"! converges. 


n=1 
®. This follows from the solution to Exercise F65(a). .@ 
Therefore, by statement (10) and the Comparison Test (Theorem D30 in 
OO 
Unit D3), i |na,x” t| is convergent for all |z| < R. This proves that 


n=1 


R' >R. 
Next we show that R > R'. To prove this, suppose that |x| < R'. Then 
co 


F: nanz””! is absolutely convergent and 


lana | = Mant" ya 4 < |æ||jnans" t], forn =1,2,.... 


co 


Therefore, by the Comparison Test, y |a,x"| is convergent for all 


n=l 
|x| < R'. Thus R > R', so we deduce that R' = R. 


oO 


Differentiating the terms of > nanz””!, we deduce that 


n=1 
OO 
> n(n —1)anx"~? also has radius of convergence R, (11) 
n=2 


by an analogous argument to the one above. 


OO 
Let f(z) = a,x”. We now use statement (11) to prove that f’ exists 


n=0 


and has the required form on (—R, R). 


Take x € (—R, R), and choose r such that |x| < r < R. Then, for all h 
such that |x + h| < r (see Figure 14), 


_ = an (a +h)” nz” 
Het HE) naga! = yo AEN" AA naga”! 
n=1 n=1 n=l na 
ath)" — r” — neth 
=y a aes s (12) 
n=2 
|z + h| 
-R 0 j| r R 


Figure 14 The point |x + h| 


Now we apply Taylor’s Theorem to the function p(x) = x” on an open 
interval containing x and x +h. We obtain 


1 
pla +h) = (@ +h)” =a" + nah + nln Ne, 


where cp lies between x and x + h. 
®. By Taylor’s Theorem, we have 
p(z + h) = p(x) + p'(x)((a@ +h) — z) + Rı(2), 
where p'(x) = nx"! and the remainder term Rj(a) depends on the second 
derivative p’(r) = n(n —1)2"-?. BP 
Then |cn| < r, so 
|(£ +h)” =2" —ne"" "hl < 3n(n — 10 aml Fae (13) 


By equation (12) and inequality (13), together with the Triangle 
Inequality, we obtain 


Het FO) nage"! < gh So n(n Danje”. (14) 


n=1 n=2 


(oe) 
Since r < R, the series > n(n —1)ayr”~? is absolutely convergent, by 
n=2 


statement (11). Thus, by inequality (14) and the Limit Inequality Rule, 


F(a) = Yim PEt IO) _ 


lo, 

> nanz””!, for |x| < R. 
h>0 h 
= 
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We can now easily obtain the Integration Rule from the Differentiation 
Rule. 


Theorem F72 Integration Rule for Taylor series 


The Taylor series 


f(z) = ae —a)” and F(x) = ss 
wai 


—0 


an 


L 
o a) 


have the same radius of convergence, R say. 
Also, if R > 0, then 


Jro dz = (x), for e = a) < fh, 


Remarks 


1. As in the Differentiation Rule, the two series in the theorem may behave 
differently at the endpoints of their respective intervals of convergence. 


2. The final conclusion says that F' is a primitive of f on (a — R,a + R). It 
is sometimes expressed in the following way: 


J (Sae — 0) dx = is ale — aj 


We find c by putting x = a into the equation. 


Proof of the Integration Rule The two series have the same radius 
of convergence, by the Differentiation Rule applied to F. 


By the same rule, F’ = f, so F is a primitive of f on (a— R,a + R). Oo 


Worked Exercise F49 


Find the Taylor series at 0 for f(x) = tan”! z. 
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Exercise F70 


Find the Taylor series at 0 for: 
(a) f(7) <(1—2)? (b) f(x) = tanh“? z. 
Hint: You may find the solution to Exercise F67(b) helpful in part (a). 


Exercise F71 


Determine the Taylor series at 0 for the function f(x) = e~*”. Deduce that 


1 n 
= jua (i) 
Bes Ve Se as as 
/ oo o pm 


Exercise F72 


Use the Taylor series for 1/(1 + x) at 0 to determine the Taylor series for 
the function g(x) = log(1 + x) at the same point, and state a range of 
validity for this series. 


In Exercise F72 you established that the Taylor series at 0 for the function 
f(x) = log(1 + x) is valid on the interval (—1,1). In Section 2 we proved 
that this Taylor series is valid on [0,1], so by combining these results we 
see that the full range of validity for the Taylor series at 0 for the function 
f(x) = log(1+ x) is the interval (—1, 1], as stated in Theorem F65(e). 
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4.3 The General Binomial Theorem and the 
Uniqueness Theorem 


In Subsection 3.4 of Unit D1 Numbers you met the Binomial Theorem, 
which states that, for each positive integer n, 


(1+) = = (i) at, 


k=0 
where 
n\ n\ n! o n(n=-1) -e (n—-k+1) 
(6) = 1 and C) = k(n — k)! = —_ EL? for k € N. 


This gives the Taylor series for (1 + x)” and is valid for all x € R. In fact, 
a similar result known as the General Binomial Theorem holds for more 
general powers of (1 + x), but with a restriction on the values of x for 
which it is valid. 


Theorem F73 General Binomial Theorem 


Fora € R, 
(l+2)*= = (*) go, tora) <i, 
n=0 
where 
(5) — armel (s) = A for n € N. 
Remarks 


1. The Binomial Theorem is usually stated as a sum of powers of x*. We 
have stated the General Binomial Theorem as a sum of powers of x” in 
order to match the Taylor series in the rest of the unit. Note that this 
means that the role of n in the generalised binomial coefficient is the 
same as the role of k in the normal binomial coefficient. 


2. The coefficient (*) is known as a generalised binomial coefficient. 


An example of calculating a generalised binomial coefficient is 


(-3) CDCDCD--Ch-ney 
jegeg: E . (2n — 1) 
2n! i 


=(-1)" 


We now give the proof of the General Binomial Theorem. If you are short 
of time, then you may wish to skim read this proof. 


Proof of the General Binomial Theorem 


Let 
= a n — —a 
f(x) = 2 (s) x” and g(x)= f(2) 2) 41, for |z| <1. 
We first note that the series f(x) = a a x” converges for |æ| < 1, as 
n=0 


proved in Exercise F64. We want to prove that g(x) = 1 and hence that 
f(z) = (1 + 2)°, for all x with |z| < 1. 


Using the Product Rule for differentiation, we differentiate the expression 
for g to obtain 


g'(x) = FA +2) | —af(x)(1 + aje 
= ((Lt+2) f(x) afaa + s). 


Now, using the Differentiation Rule, 


(1+2)f'(x) —af(zx) = Cys (s) gn! PoS 


n=l 


(15) 


RO O 2-9 (0) " 
=A E ( a) aa (*) i, 
Leha Detd (pga) 
and 
OO 
Hence 
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We now use algebraic manipulation and the definition of the generalised 
binomial coefficient to simplfy the expression in square brackets in 
equation (16). 


AA (2) =r nea lo— nt lo 9) 


+(n-a) B 


—afa—1)---(a—nt1) 
n! 


= 0. 


Working backwards, it follows from equation (16) that 
(1+ 2) f'(x) — af(x) = 0, and then from equation (15) that g'(x) = 0. 


So, g(x) is a constant. Hence 


g(a) = g(0) = F01 +07" 


as required. E 


Worked Exercise F50 


Use the General Binomial Theorem to find the first three non-zero terms 
in the Taylor series at 0 for the function f(x) = (1 4 2zx)~®. 
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Exercise F73 


Use the General Binomial Theorem to find the first three non-zero terms 
in the Taylor series at 0 for the function f(x) = (1 + 4r)". 


We now have a variety of techniques for finding Taylor series: 
e Taylor’s Theorem 

e the Combination Rules 

e the Product Rule 

e the Differentiation and Integration Rules 

e the General Binomial Theorem. 


But how do we know that these different techniques will always give us the 
same expression for the Taylor series of a given function? To end this 
section we prove a result which states that there is only one Taylor series 
for a function f at a given point a. Thus any valid method gives the same 
Taylor coefficients. 


Theorem F74 Uniqueness Theorem for Taylor series 
If 


co (oe) 
Sele —a)"= Sy bale — a)”, for |z—a| < R, 
n=0 p=) 


HNO Gp = Op. fonn =O, I, cone 


Proof Let 
fas S iol —a)” and 9(7)— Shale —a)”, for |x —al| < R. 
n=0 n=0 
If we differentiate both equations n times using the Differentiation Rule, 
and put x = a, then we obtain 
f(a) = (n)an and g(a) = (n!)bn- 


Since f(x) = g(x) for |x — a| < R, it follows that f™ (a) = g(a). 
Hence an = bn, for all n = 0,1,2,.... a 
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5 Numerical estimates for 7 


One of the problems that has fascinated mathematicians for thousands of 
years has been how to determine accurately various important irrational 
numbers such as V2, 7 and e. In this section you will see the role of Taylor 
series in the numerical estimation of 7, and meet an ingenious proof that 7 
is irrational. 


Historical estimates for 7 


The use of the symbol 7 to denote the ratio of the circumference of a 
circle to its diameter is relatively new, being first introduced by 
William Jones in 1706. Its use was popularised by Leonhard Euler 
who employed it in his Introductio in Analysin Infinitorum of 1748. 


Early estimates for 7 include the following: 


Mesopotamia (c.2000 BCE) In 1936 a Babylonian clay tablet was 
excavated which gives the ratio of the perimeter of a regular hexagon 
to the circumference of the circumscribed circle as = J To (the 
Babylonians used the sexagesimal (base 60) system rather than the 
decimal system). This corresponds to a value for 7 of 3.125. 


Egypt (c.1900 BCE) The Egyptians found by experience that they 
could approximate the area of a circle with diameter d by reducing d 
by one-ninth and squaring it. This corresponds to a value for 7 


of 28 ~ 3.1605. 


Archimedes (c.250 BCE) Archimedes (c.287—c.212 BCE) considered 
hexagons inside and outside a circle and compared their perimeters 
with the circumference of the circle. This gave him a value for 7 
between 3 and 3.464. He then replaced the hexagon with a 12-sided 
polygon and recalculated the lengths. He continued by progressively 
doubling the sides of the polygon until he reached a polygon of 96 
sides. This gave him a value for 7 between 320 and 34, or 

3.14084 < 7 < 3.14286, which is correct to two decimal places. 
Archimedes’ method was described in some detail in Subsection 5.2 of 
Unit D2. 


China (c.100—500) Zhang Heng (78-139) considered the ratio of the 
area of a square to the area of a circle and the ratio of the volume of a 
cube to the volume of a sphere, and was led to an approximation for 7 
of v10 (~ 3.162). He also calculated 7 as $38 (= 3.1724). Liu Hui 
(c.220-c.280) used a polygonal method similar to that of Archimedes. 
He doubled the sides of a regular polygon until he reached a polygon 
with 3072 sides, from which he calculated a value for m of 3.14159. 

Zu Chongzhi (429-500) deduced that 3.1415926 < m < 3.1415927, 
which was the most accurate approximation for 7 for almost a 
millennium. It is not known how he obtained this result but it is 
possible that he considered polygons with 24576 (= 213 x 3) sides. 


India (499) Aryabhata (476-550) in his Aryabhatiya included the 
following statement: ‘Add 4 to 100, multiply by 8 and add 62000. 
The result is approximately the circumference of a circle of which the 
diameter is 20000.’ This gives an approximate value for 7 of 3.1416. 
Although Aryabhata does not say how this value was found, it is 
likely that it was done by the method of polygons, using polygons 
with 384 sides. 


With the development of calculus in the seventeenth century, new formulas 
for estimating 7 were discovered, including Wallis’ Formula which you met 
in Subsection 3.2 of Unit F3 Integration: 


2 1338557 2—1 2+1 


5.1 Tangent formulas 


In Worked Exercise F49 you saw that the Taylor series at 0 for the 
function tan”! is 


tan ta2=-2 +5 = He, for x € [-1,1]. 
In particular, with z = 1, 

my 1,1 1, 

4 3 5 7 


The first of these two series is known as Leibniz’s series and the second as 
Gregory’s series, although these names are often interchanged. 


The second series is not very useful for calculating 7, as its successive 
partial sums converge far too slowly. The smaller the value of x, the faster 
the Taylor series for tan”! x converges, so fewer terms are needed to 
calculate its sum to a given accuracy. 


To obtain series that are more effective for calculating 7, we can use an 
addition formula for tan~!. To derive this formula, first recall the addition 
formula for tan (given in the module Handbook): 


tana + tanb 
t b) = ————.. 
mala 1 — tana tanb 


If we now put x = tana and y = tanb, we have 


tan(a + b) = -a 
1 — zy 
so it follows that 
tan?! z + tan”! y = tan”! (- ty ), for x,y E R, (17) 


provided that tan~'x+ tan! y lies in (—1/2,7/2), the image set of tan”!. 
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For example, applying formula (17) with z = 3 and y = 3, we obtain 


tan”! (3) + tan” '(4) =tan +1 = 7/4. 


Using the addition formula (17) with small values of x combined with the 
Taylor series for tan”! at 0 gives efficient ways of calculating 7. For 
example, repeated application of the formula gives the following (we omit 
the details): 
=i ft -1/1 
4tan™' (E) — tan" (335) = 7/4, 
AI =t =I f 1 
6tan™ ($) +2tan™ ($) +tan™ (335) = 7/4. 


The first of these formulas is called Machin’s Formula. John Machin 
(1680-1751) used the formula to calculate the first 100 decimal places of 7, 
and in 1974 such formulas were used to calculate 7 to a million decimal 
places. More recently, highly ingenious methods (based on techniques due 
to Gauss for evaluating integrals approximately) have been used to 
calculate 7 correct to many billions of decimal places. 


For your interest, we now list the first 1000 decimal places of 7. 


3.1415926535 8979323846 2643383279 5028841971 6939937510 
5820974944 5923078164 0628620899 8628034825 3421170679 
8214808651 3282306647 0938446095 5058223172 5359408128 
4811174502 8410270193 8521105559 6446229489 5493038196 
4428810975 6659334461 2847564823 3786783165 2712019091 
4564856692 3460348610 4543266482 1339360726 0249141273 
7245870066 0631558817 4881520920 9628292540 9171536436 
7892590360 0113305305 4882046652 1384146951 9415116094 
3305727036 5759591953 0921861173 8193261179 3105118548 
0744623799 6274956735 1885752724 8912279381 8301194912 
9833673362 4406566430 8602139494 6395224737 1907021798 
6094370277 0539217176 2931767523 8467481846 7669405132 
0005681271 4526356082 7785771342 7577896091 7363717872 
1468440901 2249534301 4654958537 1050792279 6892589235 
4201995611 2129021960 8640344181 5981362977 4771309960 
5187072113 4999999837 2978049951 0597317328 1609631859 
5024459455 3469083026 4252230825 3344685035 2619311881 
7101000313 7838752886 5875332083 8142061717 7669147303 
5982534904 2875546873 1159562863 8823537875 9375195778 
1857780532 1712268066 1300192787 6611195909 2164201989 


There are several mnemonics that can be used to recall the first few digits 
of 7, with the word lengths giving the successive digits of 7. For example, 
one such mnemonic is: 


May I have a large container of coffee? 
3. 1 45 9 2 6 
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5.2 Proof that 7 is irrational (optional) 


We finish the unit with an interesting proof which uses several ideas that 
you have met in earlier analysis units. You began your study of analysis in 
this module with Unit D1 where you first considered rational and irrational 
numbers, which together make up the real numbers whose properties lie at 
the foundation of analysis. Now we come full circle and use some of the 
tools of analysis that you have learned to prove that 7 is irrational. 


The first proof that 7 is irrational was given by Johann Heinrich Lambert 
in 1766, but the elegant, shorter proof that we give here was found by 
Ivan Niven in 1947. 


Theorem F75 


The number 7 is irrational. 


Proof We prove that 7? is irrational, from which it follows that 7 is 
irrational. The proof is by contradiction and the method is rather unusual, 
so we begin by outlining the two major steps. 


First we show that if f is any polynomial function such that 


0< fe) +a f(z) <1, for0<2<1, (18) 
then 
0< f(0) + f(1) < A (19) 


Next we show that if 7? = a/b, for a,b € N, then there is a polynomial 
function f such that statement (18) is true but inequalities (19) do not 
hold. This contradiction shows that m? must be irrational. 


Let f be a polynomial function satisfying statement (18), and put 
g(x) = f'(x) sin rg — r f(x) cosrz. 
Then 
g'(x) = f" (x) sina + f (xyr cosrz — r f'(x) coste +n’ f(x) sin rx 
= (f"(x) + T? f(x)) sin mz. 


By the Mean Value Theorem (Theorem F37 in Unit F2), there exists 
c € (0,1) such that 


g(1) — g(0) = g'(c) = (F” (©) + 7° f (0) sin zc. 


Hence 0 < g(1) — g(0) < 1, by statement (18) and the fact that 
0 < sin7rce < 1. But 


g(1) — g(0) = x(F(0) + f0)), 
by the definition of g, so statement (19) follows. 
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Now suppose that 7? = a/b, where a,b € N. Take N € N so large that 
naN /N! <1, 


®. This is possible because (a"/n!) is a basic null sequence: see 
Theorem D7 in Unit D2. @ 


and put 
1 
pla) = 2% (=a) (20) 
1 
= WI (eya + enqiz’*} aa Cane”), 


where the coefficients c, are integers, for N < k < 2N. Then we have 
O<p(r) <1/N!, fr0<zrz<1, (21) 
by equation (20). Also, for k = 0,1,..., 


m 0, 0<k<N,k>2N, 
p?(0) = | 
Ek! ON <R<ON, 
N! 


so p™® (0) is an integer. Hence p)(1) is also an integer, by the symmetry 
of the function p under the change of variable x’ = 1 — x. 


Now consider the polynomial function 

f(z) = a p(2) — aX~*bp® (2) + --- + (-1)NoNpON) (2), 
which has degree 2N. Then f(0) and f(1) are both integers, so 
statement (19) is false, since we know that 7 > 1. Finally, 

f"(a) = aNp) (x) =a "bp (a) +--+ + WI Tab tp) (2), 


(2N+2) 


since p = 0. Hence 


f"(a) +9 f(a) = f") +F f(@) = Fa ple) = a po), 


by telescopic cancellation. Thus, by statement (21) and our choice of N, 
0< f"(x) +a? f(a) < na /N!<1, for0<2#<1, 


so statement (18) does hold. This completes the proof. E 


Learning outcomes 


Summary 


In this unit you have seen that many functions can be approximated by 
Taylor polynomials: for a function f that is n-times differentiable on an 
open interval containing the point a, the Taylor polynomial of degree n at 
a for f is the polynomial 

1 
Tala) = fla) + Fle- a) + 5 
You also saw how to estimate the accuracy of this approximation using 
Taylor’s Theorem and an upper bound for a remainder term R,(x) that 
depends on the (n + 1)th derivative of f. For a function f that has 
derivatives of all orders on an open interval, you learned that at points 
where the remainder term tends to zero as n — oo, f can be represented 
by a convergent power series known as the Taylor series for f. 


(z-a) +-+ = (x —a)”. 


You went on to study how functions can be defined by means of power 
series, and how the Ratio Test can be used to find their radius of 
convergence. You saw how to manipulate Taylor series to obtain new series 
from old by using the Combination Rules, the Product Rule and the 
Integration and Differentiation Rules. You also met the General Binomial 
Theorem, which gives the Taylor series at 0 for the function (1 + x)® for 

a € R. Finally, you looked at how the Taylor series at 0 for tan”! x can be 
used to obtain estimates for the value of r. 


Learning outcomes 


After working through this unit, you should be able to: 


e calculate the Taylor polynomial Ta (tr) at a given point a of a given 
function f 


e appreciate that in many cases Tn(r) gives a good approximation to f(z) 
for x near the point a 


e state and use Taylor’s Theorem 


e appreciate that a sequence of Taylor polynomials may or may not 
converge at a given point to the value of the function at that point 


e state and use certain basic Taylor series 
e state the Radius of Convergence Theorem 


e determine the radius of convergence and the interval of convergence of 
certain power series 


e state and use the Combination Rules, Product Rule, Differentiation Rule 
and Integration Rule for Taylor series 


e state and use the General Binomial Theorem 


e understand and use the Uniqueness Theorem for Taylor series. 
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Table of standard Taylor series 


Function 


Domain 


Taylor series 


sin x 


COS £ 


(1+ 2) 


sinh x 


cosh x 


l+ata?+a3+--- 


2 43 4 
ear ae 
1 g” 
Pak at 
oe xð r’ 
"=a a T" 
r? xf gê 
ara at 
— 1 
ip LO ) 92 
2! 
ee xð r’ 
trate tat 
2 4 6 


oe) 


-Ya 


n=0 


=0 
7 asd (—1)"22"+1 
S (2n +1)! 


oO (=I 


2n+1 


je] <1 


=] <y 1 


xLxeER 


xLxeER 


xLxeER 


lz|<1,aeER 


xLeER 


xLeER 


Ie] <1 


Solutions to exercises 


Solution to Exercise F55 
The tangent approximation to f at a is 
f(x) ~ f(a) + f'(a)(@ — a). 
(a) We have 
f(x) =e", f(2)=e? 
f(a) =e", fi(2)=e?. 
Hence the tangent approximation to f at 2 is 


e we? +e (e-— 2) = e(z- 1). 


(b) We have 
f(z)=cosz, f(0)=1 
f(z) =—-sinz, f'(0)=0. 


Hence the tangent approximation to f at 0 is 


cosg ¥1+0(¢—0) = 1. 


Solution to Exercise F56 


(a) We have 
f(@z)=e", fQ)=e 
ja. fiQ)=¢ 
f''(a) = er, f"(2) = e2 
Oa) =e, fO(2) = e. 
Hence 
Ti (x) = f(2) + f'(2)(æ — 2) = e? + e° (x — 2) 
To(x) = Tı (£) + PR, So)" 


T3(x) = To(x) + 


=e + e(z- 2) + e(z- 2)” 
+e (x — 2)°. 


(b) We have 
f(x) = cosx, ADI 
f'(z)=-sinz, f’(0)=0 
f"(&)=-— cosx, f”(0)=-—1 
fe) x)= sing, f® 0) = 0; 


Solutions to exercises 


Hence 
Ti(x) = f(0) + f'(0)z =1 


To(x) = Ti (x) + LO =1- 42? 


T3(a) = To(x) + —— 


Solution to Exercise F57 
The Taylor polynomial of degree 4 for f at a is 


ieee Peds! og 


2! 
(3) 
pw a (z-a)? + — —(#— a)". 


(a) We have 
f(x) = log(1 + x), f(0) = 


F(=) =1/(1 +2), f'() = 
Pa@j=-ll+e", f'0)=-1 
fO) =2/(1+2)?,  fOO)=2 
fO@) =-6/(1+2)*, FOO) =-6 
Hence 
Ty(x) =a — $a? + za? — Ja". 
(b) We have 
Ale) —sinz, —f(m/4) =1/v2 


F(r/4) =1/v2 


f'"(r)—>—sinz, f"(m/4) = —1/V2 

fa) ——cosz f(n/4) = -1/V2 

f(x) = sing, f (a/4) = 1/2. 
Hence 
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(c) Since f(z) =14 42-52? — ir’ + 127, we 
have f(0) = 1 and 


f(z) =}- r- rtr’, f'(0) =5 

Paz ai, PO- 

f(x) = -1 + 62, fO =- 

pa (a) =6, f(0) =6 
Hence 


(Note that T4(x) = f(x), as you might expect since 
f is a polynomial of degree 4.) 


Solution to Exercise F58 
From Worked Exercise F41(a), we have 


L@)=2— 40 
so 

T3(0.1) = 0.1 — 0.001/6 = 0.099 83. 
Since 

sin(0.1) = 0.099 833 416... , 
we have 


| sin(0.1) — T (0.1)| = 0.099 833 416... — 0.099 83 
< 0.099 833 417 — 0.099 833 333 
= 0.000 000 084 < 1 x 1077, 


as required. 


Solution to Exercise F59 


(a) We have 
fiz)= e, f(0)=1, 
and in general, for each positive integer k, 
Hence 
2 n 
Ta (2) sltet+ Ste to. 
(b) We have 
f(x) = log(1 + x), f(0) =0 
fi(z)=1/d4+se), f'(0)=1 
f") = -1/1 +z), f"(0)=-—1 
fO) =2/ +2), fF) =2 
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and in general, for each positive integer k, 


TETE (—1)¥ti(k — 1)! 
so that 


fOO = (- eV) 
Hence 
ee E E E E ol 
T(z) =£- 5% + 3 +(-1) = 
(c) We have 
F(z) = cos, 
fi(e)=—sinz, = f'(0) =0 
f"\(ax)=-cosz, f"(0)=—-1 
f(x) = sina, 
f(x) = cosa, 
and in general, for k = 0,1,2,..., 
FO) (0) = ani f+) (0) =0. 


Hence, for m = 0,1,2,..., 


m „ wk 
k=0 

yA pt am 
ae a ae a 


and Tom4+1 (x) = Tom (T): 
So if n takes either of the values 2m or 2m + 1, 
then we have 


Tr(z) =1-—+—-.---4 


Solution to Exercise F60 


From Exercise F59(c), the nth Taylor polynomial 
at 0 for f is 


22 xt gem 


Tn(x) = 1 ! oe. Gm!’ 


where n is either 2m or 2m + 1. Hence, by Taylor’s 
Theorem with a = 0, f(x) = cosx and n = 3, 


cos xz = T(x) + Rg(x) 
=1- iz’ T R(x), 
where 
(4) 
SOO a e 4 
4! 4! 
for some c between 0 and zx, as required. 


R3(x) = 


Solution to Exercise F61 


(a) By the solution to Exercise F59(b), we have 


To(x) = x — adi 


(b) We use Strategy F11 with a = 0, x = 0.02 and 
n= 2. 


1. First, f® (x) = aa see Exercise F'59(b). 
2. Thus 
|f(e)| = aso <2, for ce 10,0.2), 
so we can take M = 2. 
3. Hence 


log(1.02) — 75(0.02)| = |R2(0.02)| 


< oa |z — aji! 


2 3 
=a |0.02 — 0| 
= 0.000 0026 
23 %10-°, 


as required. 

(c) By part (a), 

T>(0.02) = 0.02 — (0.02)? = 0.0198. 
By part (b), 

| log (1.02) — T}(0.02)| < 0.000 003. 
Hence 

0.019 797 < log(1.02) < 0.019 803, 
sO 


log(1.02) = 0.0198 (to 4 d.p.). 


Solution to Exercise F62 


(a) Using the derivatives of f found in the 
solution to Exercise F59(c), we obtain 


f(z) = =l; f'(x) = 0, f" (x) = I; 
Om) =0, fOM = -1. 
Hence 


Ty(x) = -1+ 4(£- r) — Ale- r)". 


Solutions to exercises 


(b) We use Strategy F12 with I = [37r /4, 57/4], 
a=7,r=7/4andn=4. 
1. First, f© (x) = —sinz. 
2. Thus 
[fO(c)| <1, force [3n/4, 5/4], 
so we can take M = 1. 
3. Hence 


<3x107%, for x € [37r/4, 5/4]. 
Thus T(x) approximates f(x) with an error less 
than 3 x 1073 on [37/4, 57/4]. 


Solution to Exercise F63 
(a) Here a, = 2" + 4”, for n =0,1,2,..., so 
gnt+1 antl 

an pa 4n 


Dividing the numerator and denominator by 4” 
gives 


An+1 
an 


9 n 
== 2(1/2)" +4 —> 4 as n —> DO. 
(1/2)? +1 

Hence, by the Ratio Test, the radius of 
convergence is R = 1. 
(b) Here an = (n!)?/(2n)!, for n =1,2,..., so 
((n+1)!)? — (2n)! 
W—_— x 

(2n+2)! (n)? 

(n+ 1)(n +1) 
(2n + 2)(2n +1) 


Dividing the numerator and denominator by n? 


An+1 
an 


An+1 
an 


gives 

|= UE NINI NA TUMIA > - as n > 00. 
an (2+2/n)\(2+1/n) 4 

Hence, by the Ratio Test, the radius of 

convergence is R = 4. 


(c) Here a, = n +27”, for n =0,1,2,..., so 


An+1 nti 2 
an | n +27” 
1+1 1/(n2"t1 
— Le lfn sl/r") ss asin 00. 
1 + 1/(n2”) 
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Hence, by the Ratio Test, the radius of which is again divergent, by the Non-null Test. 
convergence is = 1. Hence the interval of convergence is (—1, 1). 
= n = 
(dy, Here ay =n", for m= 1,2) 1405 80 (b) Here an = (—1)"/(n3"), for n =1,2,.... 
antij WE 1. Since 
an n” An+1 1 n3” 
ATA” a ~ (rt hart T 
=(n+1) — co as n —> oœ. g i i 
n 
= ———_ > -an> oo, 
Hence, by the Ratio Test, the radius of (1+ 1/n)3 3 
convergence is R = 0; that is, the series converges we have R = 3, by the Ratio Test. Since a = 5, 
only for x = 0. this power series 


e converges for 2 < x < 8, 


Solution to Exercise F64 é-diverves fot 2 Send o 22. 


Applying the Ratio Test with 2. If x = 8, then the power series is 
_ afa—1)---(a—n-Fl) œ (—1)” = (1) 
m = ni 9 for n EN, 9 Wu 1 
n=1 n=l 


we obram Tore AA which is convergent, by the Alternating Test. 


An+1} _ ao — 1): (a-n) 7 n! If x = 2, then the power series is 
an a(a—1)---(a-n+1) (n+1)! 00 ar 
n+1 n=1 
(a/n) —1 which is a basic Poesia series. 
= [|-> | > lasn- oo. . . 
14+1/n Hence the interval of convergence is (2, 8]. 


Hence the radius of convergence is 1. p . 
Solution to Exercise F66 


Solution to Exercise F65 (a) We know that, for x € R, 
In each case, we apply Strategy F13. p. 98 an 
(a) Here a, = n, for n = 1,2,.... Pa=ltets pe ae Ea 
1. Since and 
m i eta 24% Fy ean 
=1+1/n > 1 asn > oo, Hence, by the Sum and Multiple Rules, 


we have R = 1, by the Ratio Test. Thus this 


: E pe =y 
; sinh x = 5(e” — e`”) 
power series 


F g2n+1 
e converges for —1 < x < 1, spri pheta ae 
e diverges for x > 1 and x < —1. 3! (2n +1)! 
2. If x = 1, then the power series is for x € R. 
5 n(1)" ili 5a (b) We know that, for |x| < 1, 
n=0 n=0 path y= r r’ r” 
which is divergent, by the Non-null Test. 05 kW 3 n 
If x = —1, then the power series is and 
OO co 1 
n n = 2 O Mosan 
2 = CD n, l-g Tatr Sie WA a a 
n= n 
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Solutions to exercises 


Hence, by the Sum and Multiple Rules, Hence, by the Product Rule, 
1 
log(1— 2) + 5 ii am eA 
= — 7 
7 ro 78 g” x (1 +3r +5r? +--+ (2n +1)” +) 
“Ae a =14+ (3+1) +(5+3+1)z? +- 
+ (2 +22 +22? +22 +- H2) (n +1) + (n= 1) eee je eee 
=144¢49074+---4+(n+1)*%ao™ +--., 


Ja Da 1 
—2 3 = m S E E 
en a +( SE ot for |z| < 1, since 1+3+4---+(2n+1) is an 
arithmetic series with sum (n + 1)?. 


for |z| < 1. 
Solution to Exercise F67 Solution to Exercise F68 
(a) We know that, for |æ| < 1, (a) We know from Exercise F66(a) and 
3 Theorem F65 that, for x € R, 
log(1+2) =2—- + —- ji r 2? zini 
A a a ry li 7 Tg 
WA.” he, 3!" 5! (Qn +1)! 
n and 
Hence, by the Product Rule, ae ge gant 
] = — _ —— — — sso — No 
(1 +2) log(1 +2) SO pig Gat 
_ (5p Hence, by the Sum Rule, for x € R, 
2 3 
š n j sinh x + sin x 
£ 
+ («?- —+---+4+(-1)” Z +) 213 2x9 Q7Antl 
2 n— 1 S26 AI a 
a es on 5! 9! (4n + 1)! 
= n 
=7%+ > 6 Feret (1) n(n—1) TASA This Taylor series is valid for all real values of x. 
for |x| < 1. (b) We know that 
(b) We know that, for |x| < 1, _ = fgg a1) es, 
1 = 2 n : 
=" Se ea ee for |x| < 1. Replacing x by 2x7, we obtain 
H , by the Product Rule, 1 
y the Froduc ule ques ee ee ee ees 
—— = Cee tebe) 
(1-2) This last series converges for 2x? < 1; that is, for 
=1+(1+1)2+(1+1+4+1)2°+--- |z| < 1/v2. 
HOI l)e” Hence this Taylor series is valid in the interval 
=1+2r +32? +--+ (n+1)z”+---,  (—1/V2, 1/V2). 
Deak Solution to Exercise F69 
k hat, fi 1 
(c) ii now that, for |z| < 1, Wa know that 
a i, 2 sss ee de a 2 n 
roo pate ee ta, Paltet ote totes, for z €R. 
! n! 
d, for Ii Worked Exercise F48, that 
i i d WAKA dii Also, for |x| < 1, from Exercise F67(b), 
+2 2 
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Hence, by the Product Rule, 
eda) 
=(l+a2t+ga7+---)(14+2x+327+---) 
=1+(2+1)r+(3+24+5)a2°+--- 


=1+3r+ 4z? +., for |2| <1. 


Solution to Exercise F70 
(a) We know from the solution to Exercise F67(b) 
that, for || < 1, 

(1-2)? =14 294 3n? +---4+ AAA 
Hence, by the Differentiation Rule, 

(1 — £)? =2462+---+(n+1)na™14+..., 
for |z| < 1. 
Applying the Multiple Rule, we obtain 


1 
WA AA a a a re 
for |z| < 1. 


(b) From the table of standard derivatives in the 
Quick reference section of the module Handbook, 


l 
we have f'(x) = E for |z| < 1. Also, we know 
-gr 
that 
1 
To e e for |z| < 1. 
—2 
Replacing x by 27, we obtain 
f'(z) =14ta%tatt-.-+a™4+.--, for |z| <1. 


Thus, by the Integration Rule, the Taylor series 
at 0 for f is 


3 5 


oo 
Tetak t E 


for |x| < 1. Since f(0) = 0, it follows that c = 0. 


g2ntl 


fees, 


Hence 
arest i be piu 
7 3 5 2n +1 ; 
for |z| < 1. 
Solution to Exercise F71 
Since 
r? r” 
e =1+r+> + + H+, forr ER, 
2! n! 
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we have 
4 2n 
a E a ee E y ee 
e = 1 m+ 5 ga) err aaa 


for x € R. It follows from the Integration Rule that 


1 2 
1 e ®© dz 
0 


r3 15 gent 1 
— S22 eny D p uu ees 
E 3 Bi PU oa” i 
E dee a 
0310 (2n + 1)n! 


Solution to Exercise F72 
We know that 


d 
= log(1+ x) = 


? 


lg 
and that, for |z| < 1, 


1 
Slog pg? are (1 r4 
Lg ae 
Hence, by the Integration Rule, 

2 n+l 

T x 

log(1 = Z jera 1)” l 

og(l +z)=c+rzr 5 + ( ema 


for |x| < 1, where c is a constant. 


On substituting x = 0, we find that c = 0. Hence 


2 


n 
log(1 + £) = £ — Dte +HZ 


+ ui 
for |z| < 1. (Note that (—1)"*! = (—1)"-1) 


Solution to Exercise F73 


By the General Binomial Theorem, 


oe) 


—1 
= > ( 5) (4r)”, for |4z| < 1, 


n=0 


T E 
( 3 nra for n EN. 


— 44 32p2..... 
=l- 9r+ 52 8 


